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Introduction
In the present work, all groups are finite. Recall that a subgroup H of a group G is said to be S-permutable (or S-quasinormal) if HP = P H for all Sylow subgroups P of G. Kegel proved that every S-permutable subgroup is subnormal. A group G is a P ST -group if S-permutability is a transitive relation (i.e., if H and K are subgroups of G such that H is S-permutable in K and K is S-permutable in G, then H is S-permutable in G). It follows from Kegel , s result that P ST -groups are exactly those groups in which every subnormal subgroup is S-permutable. Similarly, groups in which permutability (normality) is transitive relation are called P T -groups (T -groups) and can be identified with groups in which subnormal sub-groups are always permutable (normal). Recall that a group G is a P ST c -group if each cyclic subnormal subgroup is S-permutable in G. The classes of P T c -groups and T c -groups similarly defined as groups in which cyclic subnormal subgroups are permutable or normal, respectively. Kaplan [9] characterized soluble T -groups by means of their maximal subgroups and some classes of pre-Frattini subgroups. He proved a necessary and sufficient condition for a group G to be a soluble T -group as follows: G is a soluble T -group if and only if every non-normal subgroup of every subgroup H of G is contained in a non-normal maximal subgroup of H. Ballester-Bolinches et al. [3] extended the results from Kaplan [8] and presented new characterizations for soluble P T -and P ST -groups. The starting point of their results was the following: let H be a proper permutable (resp. S-permutable) subgroup of a soluble group G. Using Kegel , s result, H is subnormal in G and so H is contained in a maximal subgroup of G that is normal in G. Following BallesterBolinches et al. [3] a group G is said to be a P N M -group (resp. SN M -group) if every non-permutable (resp. non-S-permutable) subgroup of G is contained in a non-normal maximal subgroup of G. Many interesting results can be obtained using these concepts. For example, they proved that a group G is a soluble P Tgroup (resp. P ST -group) if and only if every subgroup of G is a P N M -group (resp. SN M -group). They also showed that if G is an SN M -group, then the nilpotent residual G N is supersoluble if and only if G is supersoluble. Consequently, if G is a group whose non-nilpotent subgroups are SN M -groups, then G is supersoluble. Now, we define that a group G is a P N M c -groups (resp. SN M c -groups) if every cyclic non-permutable (resp. non-S-permutable) subgroup is contained in a non-normal maximal subgroup. The aim of this paper is to present new characterizations of the wider classes of soluble T c -, P T c -, and P ST c -groups. We begin with the following definition.
if every cyclic non-normal (resp. non-permutable, non-S-permutable) subgroup of G is contained in a non-normal maximal subgroup of G.
Preliminaries
We first collect results from Ballester-Bolinches et al. [3] , as the starting point of our results.
Theorem 2.1. A group G is a soluble P ST -group if and only if every subgroup of G is an SN M -group.

Lemma 2.2. Every subgroup of a group G is a P N M -group if and only if every subgroup of G is an SN M -group and all Sylow subgroups of G are Iwasawa groups.
It can be concluded by applying Theorem 2.1 and Lemma 2.2 that:
Cyclic non-S-permutable subgroups and non-normal maximal subgroups 3
Corollary 2.3. A group G is a soluble P T -group if and only if every subgroup of G is a P N M -group.
Every subgroup of a group G is an N N M -group if and only if every subgroup of G is an SN M -group and all Sylow subgroups are Dedekind; thus, it can be concluded:
supersoluble if and only if G is supersoluble.
For the sake of easy reference, theorems from Robinson [9] have been provided. These results provide detailed information on the structure of a soluble P ST cgroup.
is the hypercommutator subgroup or the limit of the lower central series, F it(G) is the Fitting subgroup, and π(G) is the set of prime divisors of the group order.
The class of soluble P ST c -groups is neither subgroup nor quotient closed, which is in contrast to the behavior of soluble P ST -groups. Robinson [9] proved:
Main Results
Proof. (1) Assume that the theorem is not true and let G be a counterexample of minimal order. Then every proper subgroup of G is a soluble P ST c -group. Using Theorem 2.6(7), every proper subgroup of G is supersoluble and so G is soluble. On the other hand, there exists a cyclic subnormal subgroup H of G which is not S-permutable. Let 
. Hence H permutes with both M 0 and L 0 and so H permutes with P 0 . Let N be a minimal normal subgroup of G contained in M . Since the factor group G/N satisfies the hypothesis and |G/N | < |G|, then HN permutes with P . If (HN )P is a proper subgroup of G, then H will permute with P . This is a contradiction. Therefore, G = P (HN ) and g = xy such that x ∈ P and y ∈ HN . Using Lemma 14.3.A [6] , H is a normal subgroup of HN . Since HP g = P g H, it follows that H y −1 = H permutes with P , which is contrary to the assumption.
(2) It is clear.
Lemma 3.2. Every subgroup of a group G is a P N M c -group if and only if every subgroup of G is an SN M c -group and all Sylow subgroups of G are Iwasawa groups.
Proof. Assume that every subgroup of G is a P N M c -group. It is clear that every subgroup of G is also an SN M c -group. Moreover, every Sylow subgroup P of G is a nilpotent P N M c -group. Let H be a subgroup of P such that H is not permutable in P . If H is cyclic, then there exists a non-normal maximal subgroup M 1 of P such that H ⊆ M 1 , which is a contradiction. If H is noncyclic, then H = M ⟨x⟩ where M is a maximal subgroup of H of prime index and x ∈ H − M . Either M or ⟨x⟩ will not permute in P . If ⟨x⟩ does not permute, then there exists a non-normal maximal subgroup M 2 of P such that ⟨x⟩ ⊆ M 2 , which is a contradiction. If M does not permute in P , by the same argument, we have a contradiction. Hence H must be permutable in P . This means that P is an Iwasawa group. Conversely, assume that every subgroup of G is an SN M c -group and all Sylow subgroups of G are Iwasawa groups. Let K be a cyclic S-permutable subgroup of a subgroup H of G. Because all Sylow subgroups of H are also Iwasawa groups, we can apply Theorem 2.1.10 [2] to conclude that K is permutable in H. Hence H is a P N M c -group. Consequently every subgroup of G is a P N M c -group.
Corollary 3.3. (1) Let every non-normal maximal subgroup M of a group G does not have a supplement in G. If every subgroup of G is a P N M c -group, then G is a soluble P T c -group. (2) If every subgroup of G is a soluble P T c -group, then every subgroup of G is a
Proof. (1) If every subgroup of G is a P N M c -group, then every subgroup of G is an SN M c -group according to Lemma 3.2 and so G is a soluble P ST c -group. This implies that every cyclic subnormal subgroup H of G is S-permutable in G. Applying Theorem 2.1.10 [2], we see that H is permutable in G, since all Sylow subgroups of G are Iwasawa groups. Thus G is a soluble P T c -group.
2) It is clear. Proof. Let every subgroup of G be an N N M c -group. It is clear that G is an SN M c -group. Let H be a non-normal subgroup of P where P ∈ Syl(G). If H is cyclic, then there exists a non-normal maximal subgroup M 1 of P such that H ⊆ M 1 , which is a contradiction. If H is non-cyclic, then H = M ⟨x⟩ where M is a maximal subgroup of H of prime index and x ∈ H − M . Either M or ⟨x⟩ is not normal in P , since H is not normal in P . If ⟨x⟩ is not normal in P , then there exists a non-normal maximal subgroup M 2 of P such that ⟨x⟩ ⊆ M 2 , which is a contradiction. If M is not normal in P , we have a similar contradiction. Thus P is a Dedekind group. Conversely, let every subgroup of G be an SN M c -group and every Sylow subgroup of G be a Dedekind group. Let K be an S-permutable subgroup of H such that H ≤ G. Applying Theorem 2. 
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